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ABSTRACT 


For any locally compact group G, let UN(G) denote the 
von Neumann algebra generated by the left regular representation of 
G. We show that, if the finite part of VN(G) is nonzero, then it 
is isomorphic to VN(G/K), where K is a certain compact normal 
subgroup of G. Groups for which VN(G) has a nonzero Type I, 
finite part are characterized. For such groups we show that there is 
a compact normal subgroup K of G_ such that the Type I, finite 
part of VN(G) is isomorphic to UN(G/K). 

We also investigate the center, Z, of UN(G). We show 
that, for [SIN]-groups, Z is contained in the von Neumann subalgebra 
of VN(G) that is generated by the elements of G with relatively 
compact conjugacy classes. An example is given to show that this is 


not true, in general, even for the class of unimodular groups. 
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1. Introduction 


Let G be a locally compact group and VN(G) the von 
Neumann algebra generated by the left regular representation of G on 
ha (6). Definitions and the terminologies used in this introduction 
can be found in Chapter 2. 

The structure of VN(G) as a von Neumann algebra is closely 
tied to the topological group structure of G. A trivial example is 
that VN(G) is an abelian von Neumann algebra if and only if G is an 
abelian group. The purpose of what follows is to investigate this 
connection between the structures of VN(G) and G. Much of what is 
already known is outlined below. 

In 1950, Segal [28] showed that VN(G) is semi-finite if @& 
is a unimodular group. VN(G) is also semi-finite if @ is a connected 
group as was shown in 1969 by Dixmier [5]. A gap in Dixmier's proof 
was corrected by Pukanszky [25] in 1972. In [3] (13.10.5), Dixmier 
proved that VN(G) is a finite von Neumann algebra if and only if 
G is a [SIN]-group. This result goes back to the work of Godement, 
in the earlyel1950%s$fonethe theory of characters of a locally compact 
group ([10], page 46). 

More recently, in [17], Kaniuth gave necessary and sufficient 
conditions on the structure of a [SIN]-group G, for UN(G) to be 


Type I or Type II For discrete groups G the conditions for VUN(G) 


iL” 
to be Type I or Type Tl, were presented in a more elementary fashion 


by Smith in [30]. This enabled Formanek, in [9], to prove that the 


Type I part of VN(G) is isomorphic, in a canonical manner, to VN(G/K), 
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where K is a well defined finite normal subgroup of G. Formanek's 
work prompted this author to investigate whether or not similar 
characterizations hold for nondiscrete groups. The results of these 
investigations constitute this thesis. 

In Chapter 4, conditions on G are given for UVN(G) to 
have a nonzero finite part. When nonzero, the finite part of VN(G) 
is isomorphic to VN(G/K,), where Ke is a certain compact normal 
subgroup of G. 

The intersection of the Type I part and the finite part of 
VN(G) is referred to as the Type I, finite part of VN(G). Necessary 
and sufficient conditions are found on G for VN(G) to have a 
nonzero Type I, finite part. If G _ satisfies these conditions, then 


there exists a compact normal subgroup, such that the Type I, 


Test 
finite part of VN(G) is isomorphic to VN(G/KT ¢)- The theorem which 
provides conditions on G, for UN(G) to have a nonzero Type I, 
finite part is a direct generalization if Kaniuth's theorem in (ez, 
which gives conditions on a [SIN]-group G for UVN(G) to be Type Il). 
The proof of this generalization, which appears in Chapter 6 is very 
different and simpler than Kaniuth's proof of the result for [SIN]-groups. 

The identification of the Type I, finite part of VN(G) 
with VN(GIK, 6) is a generalization of Formanek's result mentioned 
earlier. 

On a slightly different theme, the center of UVN(G) is 
investigated in Chapter 5. Results that generalize known results on 
discrete groups were found for [SIN]-groups. Since these results depend 


heavily on the finitness of VN(G) when G is a [SIN]-group and find 


application in the chapter on the Type I, finite part of VN(G), the 


e Muhnagw 79 i] fieon fal? frendt rea sir 2 
Tellvips’ som Siw athe eesyad Of: FQR30F Fae 
nied aq Du r &i [9 (GST Tae ? itd) wae a 
T } 473 
at £910W° Sot reves oa l: ey Be 
4} rs yp ct ot! Vi Pe te n roy 





; , ‘¢ 
: aL meielen relia 4 ae! als’ Vel aysomyn® ehy 


1 > 9 hen 
ov 
‘os quis poe 
F z uy , A ] yer 5 
$ i) | ; ; J + 3 
\ 
i Pe! 
‘ Ax, 
7 * = 
} bd 
- i 
. a 7 * - 
4 4 ' i , Ps; 
fy 9 a | 
. ’ To, ft eu al t 
er ri ia t :4 if J = id 
G30) iT fet iii | raat c i § : ~~ 


Sapp sik tad tha pe tid? y) Sgt lw a Ad 


r D t. a0 i , sf ust * pirate: ra 


mi 
_ > 7 
aU c : 


chapter on the center is wedged between the chapter on the finite part 
of VN(G) and the one on the Type I, finite part. It is shown by 
example that the results on the center do not hold in general for 
non-[SIN]-groups. 

Preliminary definitions and necessary facts from the areas 
of von Neumann algebra theory and abstract harmonic analysis are presented 
in Chapter 2. Although this makes for tedious reading, it is convenient 
to have all preliminaries gathered together. 

In Chapter 3, several propositions are stated and proven. 
They provide the tools that will find frequent application in later 
chapters. In particular, the technique used in associating central 
projections in VN(G) with compact normal subgroups of G is presented. 

Chapters 4, 5, and 6 contain the results discussed above on 
the finite part, the center and the Type I, finite part. The results 
on the Type I, finite part can be extended to general representations. 
This is included in Chapter 6. 

The final chapter is a concluding summary of the techniques 


and results of this thesis. 
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2. Notation and Preliminaries 
eNO Ee ULNA Les: 


This chapter consists of three sections. The first section 
deals with general von Neumann algebras and the facts about their 
classification scheme that will be used later. The second section 
lists some notation from the theory of harmonic analysis on locally 
compact groups that will be used frequently. Also the definition and 
basic properties of the von Neumann algebra generated by the left 
regular representation are given. 

The third section contains the pertinent definitions involving 
the topological group properties of locally compact groups. From time 
to time, in later chapters, these properties will be mentioned as 
necessary, so they are gathered together here. 

Additional details on von Neumann algebras can be found in 
Dixmier [4] or Sakai [27]. Hewitt and Ross [13] is a basic reference 
for harmonic analysis. Many of the well known results in either area 


will be used without explicit reference. 


VON NEUMANN ALGEBRAS 


fie ii eiseanyehitbertaspace,?) lets 6 (H)wdenorelthe algebra of 
all bounded linear operators on H. The weak operator topology on B(H) 
is that topology determined by the family of semi-norms {P SAUER eo 


Esn 


where 
Pe no) = [stein EOGea liye t eens 1)". 


The words "weak operator topology" will usually be shortened to WOT. 
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A von Neumann algebra, M, on H is a WOT-closed, self- 
adjoint subalgebra of B(H). Von Neumann algebras always have an 
identity. Let MP and M" denote, respectively, the lattice of 
projections and the group of unitary operators in M. Let M' denote 
the set of all elements of B(H) that commute with all the elements of 
M, the so called commutant of M.”’ The set M' also forms a von 
Neumann algebra and von Neumann's famous double commutant theorem 
asserts that M = (M')", 


Let Z denote the center of M. That is, 
eae eM, 


For each P « MP let c(P) denote the smallest central projection 
(an element of Zan MP) which dominates P. The projection c(P) is 
called the central support of P (see Sakai 27 ell Oso) emethesclasst— 
fication scheme for von Neumann algebras involves classifying the 
projections in these algebras. Two projections PA Ome MP are said to 
be equivalent if there exists a We M, such that W*W =P and WW* = OF 
A projection is said to be finite if it is equivalent to no proper 
subprojection. 

ibe 12 M, then PMP is a von Neumann algebra on PH. 
Noticejtha@it Ee? 4A (ee then EME = EM. A projection, P « MP 
is said to be abelian if PMP is commutative. 


Let E bea central projection in M, then: 


E is said to be Type I if there exists an abelian P « M> 
with) LE o="c(2)e 
E is said to be semi-finite if there exists a finite Pec MP 


with Bo="e (Pe 
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Eis 
E is 


said to be purely infinite, or Type TIT, if E “dominates 
no nonzero finite projection, 

Said to be properly infinite if E dominates no nonzero 
finite central projection, 

said to be Type II if it is semi-finite and dominates no 
nonzero abelian projection. 

said to be Type II; Lietteicebothe type tli and Pinite, 

Said to be Type I, finite if it is both Type I and 


finite. 


The von Neumann algebra M is referred to as being in any of 


the above classes if its identity element, I, belongs to that class. 


For any of the above classes there exists a maximal 


central projection in that class which dominates all other central 


projections in that class. For convenience these central projections 


are denoted as follows. 


Let 


denote the maximal Type I central projection, 
denote the maximal Type II central projection, 
denote the maximal Type III central projection, 
denote the maximal Type Il) central projection, 
denote the maximal finite central projection, 


denote the maximal semi-finite central projection, 


denote the maximal Type I, finite central projection. 


The following relations hold, 


= E => = 
aa at LOE cae ae o 


[= EL te Evy ot ETIQr ; 
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The equation, -1 = E+ E mie di 


. II ane decomposes M as the 


direct sum. M = ESM ® alll x) Et! of von Neumann algebras of Types 


I, II and III respectively. Similarily, 
= ® ([- 
M EM (I EDM, 


is a decomposition of M into a finite von Neumann algebra and a 
properly infinite von Neumann algebra. Throughout the later chapters 
EM will be known as the finite part of M and similarily for the 
other distinguished central projections of M. 

The Type I, finite part of M can be further decomposed in 
a useful manner. 

For each positive integer n, a von Neumann algebra N is 
said to be Type I if there exists a family of n mutually orthogonal, 
equivalent, abelian projections which sum as the identity in N. This 
is equivalent to N being isomorphic to the n x n-matrices over its 
center (Sakai [27], Po 8 sN 

In M, there exists a maximal central projection E of 
Type I (thaw 1s EM is Type I)> for each positive integer n. The 


elements of {E n= 1,2,°*+} are mutually orthogonal and 
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M is said to be Type ue he WR ‘ E 


2.1. Remark. If M is not of Type a: then there exists a copy of 
ome (the (n+1)x(n+1)-complex ere in M., 

Tosseegthis, note that if §M is not “of Type To then there 
exists a set of (ntl) mutually orthogonal equivalent projections in M. 
As in Lemma 9.3 of Smith [29], a copy of Ctl can then be constructed 
in M., 

For any natural number k, let Pe denote the standard 


polynomial in k non-commuting variables 


Oo 
Fi 1 easier ) (-1) ToGo (2 yiNMiro Ck)? 


where the sum is over all permutations o of {1l,**+,k} and (1p 


denotes the signature of the permutation. 


2.2. Remark. (Amitsur and Levitski [1]). For any commutative algebra 

Ry, fet R denote the algebra of m x m-matrices over R. Then Ro 
ae . a me ; if 

satisfies Pon (thateais. Pon is identically zero on RD if and only 


Die ite < T. 


2.3. Proposition. Let M be a von Neumann algebra and 1 a natural 


number. Then M satisfies Po, tf and only if M is of Type Te 


Proor:) if) (M (sabisties Pon then Remarks 2.1 and 2.2 imply that M 


is of Type ast 
Conversely, if M is of Type ri then M can be written as 


the direct sum of algebras Mes 1 <k <n, where each Me is of Type 


I+ By Remark 2.2, each Me satisfies Po Therefore M satisfies 


Pont 





2.4. Proposition. Let N be a von Newmann subalgebra of M having 
the same tdentity element. If M has a nonzero Type I, fintte part, 


then so does N. 


Proot ss Let EL be a nonzero Type I central projection in M. The 
two-sided ideal of N given by {T « N:TE = 0} is of the form FN 
for some projection F, central in N. The projection I-F is nonzero 
and (I-F)N is isomorphic to EN. Therefore (I-F)N satisfies oe 
and by Proposition 2.3 is a Type re von Neumann algebra. Hence N_ has 
a nonzero Type I, Pinteespane. 

Proposition 2.4 is essentially Lemma 1 of Kaplansky [19]. 

If M is any von Neumann algebra, then M has a unique 
predual. That is, there exists a unique, up to isomorphism, Banach 


* 
space, M such that M= (M,) . The topology of the duality, 


*? 
(M, M.), ais referred to as the o-topology on M. 


An element ¢ in M,. is said to be positive if, 
* 
CRmiet) eee Oo etoreal)] The M: 


If 9 is positive, then Ilo || = (os D)easTopeach, positives !$¢) in MM,» 
there corresponds a projection, S(), in MP called the support of 


@ in M,. such that for any P ¢ MP, 


(Ob )e= Omi ies (6) 2 
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Furthermore, for all T « M, 
(¢,T) = (¢,8(¢)T) = (¢,78(9)). 


See Sakai [27], page 31 for the proofs of these facts. 





1D. 


A positive $¢€« M,. is called a finite o-continuous trace 


or simply a trace on M if, 
(51) = |[el[ = 1, 
and 
(,U TU) eon t umeroreall (Te Moatoe fo. 


Note that, if 9? is-a trace, then $(¢) is a central projection. 
The maximal finite central projection, Ee» in M can be 


characterized as, 


E. = sub. US(o) emetiista trace one Mi: 


This concludes the listing of basic facts on von Neumann 


algebras. 


LOCALLY COMPACT GROUPS 


Let G denote a locally compact group. Let CB(G) denote 
the Banach space of bounded continuous complex valued functions on G 
with the supremum norm. Let Cc, (G) and C9 (8) denote the subspaces 
of CB(G) consisting of functions that vanish at infinity and with 
compact support, respectively. 

Let M(G) denote the Banach algebra of bounded, regular, 
Borel measures on G _ with convolution as multiplication and total 
variation as norm. As a Banach space M(G) is identified with the 


dual of C (Gc). 
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Let the left invariant Haar integral on Cee tc) be denoted 


by 


| f£(x)dx or [ecoax, EOE) al yt Gem we (GC): 
C 00 


Left invariance means, 


leqwax = le@oax, Ore) 


If A is a Haar measurable subset of 





is denoted |A 


Formulas Dp auc, wlet L(G) 


G is equipped with left Haar measure. 


<f |g> = [ecoReoax, the space L(G) is a Hilbert space. 


VeeeG. foe Coes 


G, then the Haar measure of A 


(G). 


denote the usual spaces, where 


Under the inner product, 


For any complex valued functions f and g 


x € G, the following notation is used. 


PCO uenE GE) 


£ (x) = ER 


& f(y) = eis ay feope EMME aie & Mel 


rity) Po) mer ee rOreal ie ey ecG. 


f*g(x) = [soso tay, whenever 


Notice, that if (f,¢ 6 L?(G) anda. <1 eeG. 


~ Vv 
<k_flg> aide (i <o )lere Ci (G). 


on G 


then 


the right» side exists. 


(£*g) (x) = 


and any 


Li RS 


Usually th: x « G} will be considered as a set of operators 


* 
on iy in which case they are all unitary operators with ae = 


In fact, the map x > ee is a continuous unitary representation of G 


2 ae. ; j 
on L (G), where continuity is with respect to the weak operator 


_ 


31 ~ 
x 


topology. The symbol, 2, will also be used for the induced representa- 
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tion of the algebra M(G) in B(L7(c)). For wu ¢e« M(G), the operator 


£(u) is such that 


<£(u)£ | g> 


II 


f aay 
| las f(y) g(y) dy du(x) 


<u*f[g>, for all f,e « race 


Hence, (2) is the operator of left convolution by u on mon If 
fe ee. then &(f£) is left convolution DY aeele Orr 1 Gy. 
Let VN(G) denote the von Neumann algebra generated by 


th: sae Giein B(L7(c)). Then, 
VN(G) = WoT-cl £(M(G)) = wor-cl 2(L*(c)). 


Also, if tr: x € G} is considered a set of elements of 
2 ! 
B(L“(G)), then UVN(G) = fr xe Gh’. 

In [8], P. Eymard shows that VN(G) may be identified with 
Etenaualvor thes Fourter algebra, A(G), of C.\ ‘The Fourier algebra 
may be described as the subspace of C(6) consisting of all functions 

~ Vv 
Sreechestorm: (f*p)" stor fe L*(c). Hace e VN(G) acts on eA(G) 


aspLoltlows, for 6) = (£%o)” é A(G) 
(¢,T) = <T£|g>. 


In [8], Eymard defines a norm on A(G) such that A(G) is a Banach 
Space and the above action of UVN(G) on A(G) identifies VN(G) 
with the dual of A(G). Here, the norm on We will be calculated by 
means of this duality. 

An element $ of A(G) will be considered either as a 
continuous function on G or as a o-continuous linear functional on 


VN(G), whichever is convenient. For instance, 
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d(x) = (b,2.); FOV ali aexwenc. 


Note that, since the set of maps T+ <Tf£lg>, for f£ and 
: 2 
@ in L(G), are exactly all the o-continuous linear functionals on 
VN(G), the weak operator topology and the o-topology on UN(G) coincide. 


Let PG) denote the set of ¢$ € A(G) that are positive 


as linear functionals on VN(G) with ||¢||= 1. Then, 
~ Vv 
Pycle= (cht) : [le], = 1}. 
Let T, (G) denote the set of all traces on VN(G). Then, 
T,(G) = {@ «€ P)(G): (%,U*TU) = (¢,T), for all T © UN(G), U < UN(G)"}, 


The set P, (6) is a semi-group of continuous functions on G 
under pointwise multiplication, It will be seen later that T, (6) is 


a subsemi-group of PCG). 


CLASSIFICATION OF LOCALLY COMPACT GROUPS 


There are many different classes of groups that will be 
mentioned in later chapters. For the convenience of the reader, their 
definitions are gathered together here. 

There are, naturally, the classes of discrete groups, abelian 
groups or compact groups, whose definitions are obvious. 

Let G be a locally compact group. A set VERLAG eS 
said to be invariant if aie Pale ARope ene re vente 

If there exists a compact invariant neighbourhood of the 


identity in G,, then G is said to-be an [IN]-group. 


eho 
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If there exists a basic neighbourhood system of the identity 
consisting of invariant sets, then G is a [SIN]-group. 

Discrete, abelian or compact groups are [SIN]-groups and all 
[SIN]-groups are [IN]-groups. 

If the left Haar measure on G is also right invariant, 
then G is said to be unimodular. As was pointed out in Grosser and 
Moskowitz [12], 2.4, any [IN]-group is unimodular. 

RomeanyarxecaG ose 0. = lear VYeeaohwe Let ag denote 
the normal subgroup of G consisting of all x _ such that 0. is 
relatively compact. It is shown by example in Tits [34] that G..- is 


FC 


note necessarily a closed subgroup of G: If G = Cacm » then G is 
said to be a [FC ]-group. 

Let G' denote the subgroup generated by Issey x,y € GH. 
Then G' is known as the topological commutator subgroup of G. If 
Oe eke compact, then G is said to be a [FD ]-group. 

A representation 1 of G on a Hilbert space H means a 
homomorphism of G into the group of unitary operators on ne that is 
continuous with respect to the weak operator topology. A representation 
m is said to be irreducible if the only subspaces of is invariant 
under 7(G) are (0) “and ie [t“is said to be finite dimensional if 
ie us. 

If G has sufficiently many finite dimensional representations 
to separate points, then G is said to be maximally almost periodic 
or a [MAP]-group. 

If every irreducible representation is finite dimensional, 


then G is said to be a [Type I, finite]-group. This class of groups 


have sometimes been referred to as [MOORE]-groups. 
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Since every locally compact group has sufficiently many 
irreducible representations to separate points, any [Type I, finite]- 
group is a [MAP]-group. 

For additional information on these classes of groups and 
their inter-relations see Grosser and Moskowitz [12], Robertson [26] 


and Moore [21]. 
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3. Traces, Projections and Subgroups 


In this chapter, the structure of the traces on VN(G) is 
analyzed to the extent that is necessary for applications later. An 
order preserving coorespondence is developed between the nonzero 
central projections in VN(G) and the compact normal subgroups of G. 
This correspondence will aid in showing that certain special central 
projections in VN(G) are canonically associated with certain well 
described compact normal subgroups. A first application of this 
technique is provided in the relatively easy case of the maximal 
abelian central projection in UVN(G). 

The traces on VN(G) can be identified in terms of their 


behavior as functions on G. 


ote -eroposition. fer one P,(G). Tene One T, (G) tf and only tf 


(x) = o(yxy 4), for all x,y « G. 


PLEGOn  LEs) Oo) e T, (6), Bhen tor any. x and’ y “ins G ‘the tracial 


* * 
impli ae a= es | Le ae 
property of >» implies (4, y x ve ($, e) Since Vasey, Peal 


and ($2) = (x), therefore ¢(x) = Nera Ns 
eae 
i = g = WM 
Conversely. if 90(%)l= o(yxy), then (4, a (>, : - 
EOre Abie yeenGe sinerctore, (oy AD)e=s CO BAY! torzail Areand® Bein 
the linear span of {h 3 xve Gia Hence,  (4,AT) = (ésTA) iand 
(OST) = (9,18). for all 9S vand) 1) inv JVN(G)) Sbye the ultraweak 


continuity of multiplication in VN(G). 


Corollary. T, (G) ts a subsemtgroup of PG). 
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As a result of the above proposition, [SIN]-groups are 


characterized by an abundance of the set T, (GC). 


3.2. Proposition. Let G bea locally compact group. Then G ts a 
[SIN]-group tf and only tf, for each x #e in G, there extsts a d 


in T, (G) such that (x) # o(e). 


Proof: Let U be a neighbourhood system of e consisting of compact 

invariant sets. For each VeU let fy € L*(¢) be defined by 

£ Ox) = /|v}? if] x <« V )and 0 otherwise, where |v| denotes the 

Haar measure of V. Note that G must be unimodular. Then oy = (Ee) 

is in T, (G6), Sincoum Vi Seinvartant.gen feviles Us andmx.e Chis) such 

that x ¢ Pan then oy (x) = 0. Since 7 (e) =1, then o, (x) # oy (e). 
Conversely, for each 6 « T, (G) and each natural number 


Tie a Let 


ee = {x e G: |¢(x)-1| < 1/n}. Then each Ys n is 4 


3, 


compact invariant neighbourhood of e and {el} = ar aS de T, (6) 


and n = 2,3,**+*}. A simple compactness argument shows that the 


collection of all finite intersections of such sets forms a basic 


V 
$n 
neighbourhood system of e, consisting of invariant sets. 


It is clear from the above proof that the following 


characterization of [IN]-groups also holds. 


3.3. Proposition. Let G bea locally compact group. Then G ts 


an [IN]-group if and only tf T, (6) # @. 


3.4. eeeroposition. Bele darcn P| (6) and £ in L7(¢) be such that 
>= (£ * Se The range of S(o) ts the closed linear span of 


(ieteexecrGre 
x 
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Proof: Let P denote the projection onto the closed linear span of 
(rf: xue Gi. Since (o,8(¢)) = (9,1), it is clear that <S(¢)f£|£> = <£/£>. 
Therefore, S(¢)f = £. For each x in G, the operator r isin 
VN(G)'. Therefore, S(o) rf 5 vr S(o)£ = ri. Hence, sid) >) P. 
Conversely. asinces (4, P)a= <Pf|f£> = <f | £> =e dm jm wi teas 


elear thats ~S(¢) i<e@P. 


Jew. Ney ee 4 ie) oh T, (6), then S(¢) must be a central projection. 
~ Vv 
Suppose 9 = (f * f) FOr fee Eacye let 7 


onto the closed linear span tk £3 x 8G} in (CG), Then Pi enuN{(G)s 


and S($¢) is the central support of Pye Hence, PVN CC) is isomorphic 


to S(>)VN(G). See Dixmier [4], (I 1.4 and I Zell) A 


denote the projection 


Tr H “and K are Hilbert spaces, let H ®K denote their 
Hilbert space tensor product (see Dixmier [4] I 2.3). Suppose M and 
N are von Neumann algebras on H and K, respectively. The tensor 
product of M and N is the von Neumann algebra, denoted M ® N, 
on ff ®K that is generated by {$ ®T: Se M and Te N}. 

It will be necessary to have the following relation between 
the support projections of two elements of T, (G) and the support 


projection of their pointwise product. 


3.6. Proposition. Let ¢ and w be in T, (G) and let S(¢v) be the 
support of their product op. Then S(Ww)UN(G) tes tsomorphteally con- 


tained tn S(6)VUN(G) ® S(W)VN(G) . 


~ Vv 
PLOOL smaoupposen hue L*(¢) is such that (60) (x) = (h * h) (&) = <fhlh> 
for all x eG. Then, in the notation of Remark 3.5, the representation 
pee LAL of G on the range of P! is a cyclic representation ia£  .G 


x oY oy 


with cyclic vector h. The von Neumann algebra generated by this 
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representation is PA y NC). 

Veteein and “< fin L*(c) be such that $6 = (f * ay and 
a= (oa g). Then (6) (x) = $(x)W(x) = <2 f£|£><2 gle>. Therefore, 
(oH) (x) = <(2,8(6)) © (.s())f @ glfeg>, for all xe 6. 

Let X denote the closed subspace of S$($)L7(C) ®@ S()L7 (Cc) 
generated by {(%,8($)) ® (2,S(v)) (£ Ooo ox 6 c} and let Py be the 
projection of S(6)L*(C) ® S(W) L(G) onto X. Let W denote the von 
Neumann subalgebra of S(¢)VN(G) ® S(W~)VN(G) generated by 
{(%8(4)) ® (2,s(@)): X € Gh. Then Py « W'. The von Neumann algebra 
generated by {(2,s(4)) @ (2, S@))P,: x € ea eu) Xs Pw. By 
Dixmier [3], 13.4.5(iii), the von Neumann algebra P aye is spacially 
isomorphic to PW which is isomorphic to EW, where E is the central 
support of Pye Therefore EW is an isomorphic image of S(o )VN(G), 


contained in S(¢)VN(G) ® S(W)VYN(G). 


For each Pe UN(G)?, TetQan™ =f(x 2G: LP =sP}.) It is 


P 


routine to show that Np is a closed subgroup of G which is normal 


tine ismeentral 


See. eRkemark. “FOE ¢€ Pi), let xe Then, 


SCG 


(6, S(o)) = 1. 


Ml 


(x) = (6, 2) = (% 2 8(4)) 


Conversely, 12° “¢(x), = 1, then <2 £|£> ib = Well vie WHETewe Gre L?(G) 


~ Vv 
is such that $ = (f * f) . By the Cauchy-Schwartz theorem, 
<n | £> 
x 


alte Sake oar 


Hence, 2 rel =r Wat = rot) eater alle iyeorG. By ePropositiono.4,. ib 
x y vas » 


is clear that &S($) 


S(¢). Therefore, 2 (sce C16 (x) e= wd. 


Ns (4) 


oh (VN 2 6) st ele 
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Compare with Hewitt and Ross [13], 32.6. 


3.8. Proposition. Let G be any locally compact group. The map 


that takes a projection P in VN(G) to the subgroup N, of G has 


B 
the following properties: 


ies Vij Peta. ws Ler Me ts compact, 


(tt) if PL <P 


l then N ern 


zc) = 3 
2 P, PL 


(tit) tf E ts a non-empty family of projections in 
VN(G) and P=1.u.b. E, then A = ntNo: ORer Ei 


Proof.) Part (11) is’clear. To see part. (i) let f € ARS). such that 


Bigeeimeonde el) — 1. If $= (fF 4 fF). then © « P,(G) and by 


Proposition 3.4, S(¢) < P.. From (ii), it follows that ee = Np: 
By Remark 3.7, NS (6) is compact, which implies that Np is compact. 
In part (iii) it follows from (ii) that Np SgoiNs: Qe E}. Conversely, 


suppose x « Noe fOmmeachmeOnelC. goThen hf Set metOreevery si min the 
Eapee ef 70) sand for each Q <« E. Therefore, ye ie Om CvV.eriy mL 

in the closed linear span of the union of the ranges of the projections 
in €. But that closed linear span is the range of P. Therefore, 

xX € N,: 

For each compact normal subgroup K of G, let u denote 
the regular Borel measure on G which, when restricted to Kia ais 
normalized Haar measure on K_ and such that Uy (G ~ K) = 0. ‘Then Uy 
is a central idempotent in M(G) and &Cu) is a nonzero central 
projections IVN(G)em bet EL = Ru). 


The following Proposition is analagous to Proposition 2.9 


of Ernest [7 ). 
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3.9. Proposition. Let K be a compact normal subgroup of G. Then 


BUN (G) ts tsomorphte to VN(G/K). 


Proof: Following Eymard [8] (3.23), let j denote the isomorphism of 


L? (C/K) into 7 (c) given by 
jhe) =sh CK). for each +h ¢ L* (C/K) and mere. Ge 


If the Haar measure on 1? (G/K) is properly scaled, then j isa 
2 
Hilbert space isomorphism of L (G/K) onto oe (Ee Fomteach = sLn 


VN(G), define 4T on L* (C/K) by 
pap ‘ 2 
OT(h) = j Onl wom ( h)seeenoreeachy me l (G/K). 


This is well defined since ET = TE,» fone aula We Ys WAC npnekatl 
shows that ¢ is a von Neumann algebra homomorphism of VN(G) onto 


UN(G/K eee Le icseclear that the kernel of © is (I-E,) VN(G). Hence 


6, restricted to E,YN(G), is an isomorphism. 


al Oper rooositionweler. Ga De a Locally compact group,. K a compact 
normal subgroup of G, and E a nonzero central projection tn VN(G). 
Then 

(i) A Ke=—aN 


(20) hos 


A 
ta 


Proof: ‘fi K® issa compact. normalesubgroup of G; then, it isgjclear 


that KCN Conversely, suppose x e¢«N_, then 


EY EY 


& (jh) = Gh, for each», hy e L” (G/K). 


This simpliessthare cca key nus) ee holds, 
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POpcccechal Wii) holds, sletwet EL“ (C) and let 6 = (f£ * £). 
TE) re Nas then uf = f and therefore ¢(xy) = ¢(y), for any yeG. 
Hence @$ is constant on cosets of No iieretore. aby avmard eo] (3.25). 
there exists aT € Fy E (6) such that @¢ = (f, * oe Therefore 
S(o) <*y.? which implies that f « Ey 1), by sProposi tions s.4. 
PiIncet wire eiS arbitrary, § SEY . 


E 


In several of the main theorems that follow the proofs center 


around showing that for the special central projection under consideration 


equality actually holds in Proposition 3.10(ii). As an illustration of 


this technique, a simple case will be presented immediately. 


Let Ey denote the maximal Type 1 central projection in 


VN(G) (that is, the maximal abelian central projection). Recall that, 


if N is any closed normal subgroup of G, then G/N is abelian if 


and only if Ge CN. 


Bol lwearheorem. | (a) EL FLOpetyeondsoniyery (Gms an [FD ]-group. 


(D) ie E, #0, then E, = E-=;. Therefore E,YN(G) 


1 G' 
ts tsomorphite to VN(G/G"). 
BEOOL ial t EL #0, then Ni is a compact normal subgroup of G by 
il 
Proposition 3.5. Aliso Ny, is the kernel of the homomorphism x > LE 


of G into the abelian group (E, YN(G))*. Hence G/N, is abelian, 


which implies that G’ c N, cH 


a 


Therefore, is compact. Furthermore, 


Conversely, if G' is compact, then EGrYN(G) is isomorphic 


to VN(G/G') and so must be abelian since G/O'as. Therefore, 


0 # Ear < E,- 





Tutt) fe 
S 


pet 


Za 


This proves both parts (a) and (b). 


The results which have been proven in this chapter are heavily 
dependent on the work of Eymard in [8]. These propositions find frequent 


applications in later chapters so the importance of Eymard's work is 


emphasized. 
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4.,. The Finite Part of VN(G) 


Let Ee denote the maximal finite central projection in 
VN(G). The properties of the finite part of VN(G) when it is nonzero, 
are such that there exists a compact ena subgroup Ke with Ey = sya} 
This result will be established together with necessary and sufficient 
conditions on G for UN(G) to have a nonzero finite part. 

It is well known that VN(G) is finite if and only if G is 
a [SIN]-group (see Dixmier [3], 13.10.5; actually the result goes back 


to Theorem 6 of Godement [10]). A short proof is provided here. 


4.1. Proposition. Let G be a locally compact group. Then VN(G) ts 


a fintte von Neumann algebra tf and only if G ts a [SIN]-group. 


Proof: If Ee HSL.) themagl =). boiS(0) 2d T, (G)}. Therefore 


jet = N, = M{Ne (4)? de T, (G)} by Proposition 3.8(iii). Proposition 
3.2 and Remark 3.7 imply that G is a [SIN]-group. 

Conversely, if U is a basic neighbourhood system of e 
consisting of compact invariant sets, then for each Ve U let 
fy = Xy/ |v]. Dot ietiespDLoo mol eeroposition O.2. by = (f, * io) € T, (CG). 
Therefore S(o.) < Ep. Suppose ge (I-E,)L“(G), then L 8 tSsiin 


(I-E,)L’ (G) forveach- x e)G. Therefore, for each Viel, since 


S(o,)8 One eve is "clear that <2 85f)> = 0, for every x € G. -Hence 
~ L 
g* f =0. But f, =f, and {£,/|v| *: V « U} forms an approximate 


identity when acting on L(G) by convolution. Therefore g = 0, 


which implies that E. amet, 


Recall that Gacm is the normal subgroup of G consisting 
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of elements with relatively compact conjugacy classes. It is clear 
that Caen is an open subgroup if G is an [IN]-group. That 


openness of Gacy implies that G is an [IN]-group and UVN(G) has 


a nonzero finite part is less obvious. 


4.2. Proposition. Let G bea locally compact group. The following 
are equivalent: 

(t) UVN(G) ts not properly infinite, 

(tt) G ts an [IN]-group, 


(e272) Coa ts an open subgroup of G. 


Proof: The equivalence of (ii) and (iii) is due to Wu and Yu [38], 
(Theorem 1). 

To see that (i) is equivalent to (ii), note that T, (G) # @ 
if and only if VN(G) is not properly infinite, then apply Proposition 


See 


#23. theorem. Let CG be an [IN]-group. There exists a compact 


normal subgroup K, such that the finite part of UVN(G) Zs tsomorphte 


iz 
to VN(G/K,). 


Proof: Let K.=N.. By Propositions 3.9 and o.20(10)e) 1G sattices 


ie 
to show that E, <E 


Since Ee ="1.u-b.-{S(6): oe T,(G)I, by Proposition 3.8(iii), 


K. = MN (4)! de T, (G)}. 


Each o in T, (G) is constant on cosets of K Se uyvei(aiecon 


a 
of Eymard [8], each such 6 can be considered as an element of T, (G/K,). 
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ZO, 


Therefore, the identity element of G/K, is the only element of 
NINs (gy? de T, (G/K,)}. By Proposition 3.2 and Remark 3.7, the locally 
compact group C/K, is a [SIN]-group. Proposition 4.1 implies that 


VN (G/K,) is a finite von Neumann algebra. Therefore, EL issaetinite 
£ 


projection. So ae < E,. 


4.4. Remark. In 1951, Iwasawa [14] proved that if G is an [IN]-group, 
then there exists a unique minimal compact normal SUDeroOupe K Ot mG. 
such that G/K is a [SIN]-group. Clearly this subgroup K is exactly 
Kee | 
To illustrate Theorem 4.3, an example of a non-[SIN]-group 
which is an [IN]-group will be given together with the resulting 


decomposition of VN(G). This example is related to an example in 


Hewitt and Ross [13] (7.19(b)). 


Example. For each integer n let De = {-1,1}, the two element 


group. Let D be the direct product group with the product topology, 


For. (x=, (x ye. ine Ue eleteax ce Di be tsuchithat 


(ox) = x foreali. n. 


n+1’ 


Then a is an automorphism of D and its powers give an action of the 


integers Z on D. Let G be the semi-direct product, 


That is, G is the topological space D x Z with multiplication 
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(x,n)(y,m) = (x(a™y), ntm), 


FOrpol imax, vieaD, nem e 7. 


It is clear that D x {0} is an open, compact invariant 


neighbourhood of the identity. In fact, 
C/Ors f0))e= 2. 


By Remark 4.4, the subgroup K given by Theorem 4.3, must be con- 


pe 
mainedein  O0°X (0), — Tf Ke is smaller than D x {0}, then there 


exists a $ ¢T)(G) such that, D* fO} ¢N Therefore, there 


S(>)° 
LoL Opa me em OSUCH et hal, se Dem Olle Vj where Vo = {(x.n) e G: 


Ge eee) me nenee (Dea O))) nev@icl an invariant neighbourhood 
of the identity in G which is properly contained in D x {0}. This 
will be shown to be impossible. Let U = (D < {0}) nV. 

Consider U as a subset of D and for each n, let U 


nN 


be the projection of U_ onto dD: 
URP=eixocex Ut 
n 


Since U is a neighbourhood of the identity in D, with the product 


topology, there exists as positive integer no» such that, ue = dD 


for all |n| ets 
= Ce) 


Calculating, Gon mao TD) tom (x,n).5(y,0)) a G,evields 


mat): 


GT Eee 


Il 


(xyn) + (y,0) (x,n) 
= (ata ee Gin) = (a "y,0) 


Therefore, 


-1 a 
( (x,n) U(x,n)) =U Se fon allie im. 
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Since U is invariant, this implies that, 
Us= ae Foueali wintecers == kermand =4’. 


Therefore, Ue = D> for all n. Hence U =D, which is a contradiction. 
Therefore Rea Oe {0} and G/K, = Z. 
It follows from classical harmonic analysis results that 


VN(Z) = Tare where T is the circle group. Thus Theorem 4.3 yields 


the decomposition of UN(G) as 
L (T) ® (I-E,) VN(G), 


where (I-E,) VN(G) is a properly infinite von Neumann algebra. 
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5. Ihe Center of VN(G) ~ for [SIN]-Groups 

Let G be a [SIN]~-group and let Z denote the center of 
VN(G). The fact that VN(G) is finite exactly when G is a [SIN]- 
group can be used to obtain some knowledge of Z., 

If H is a subgroup of G, then let VN(H,G) denote the 
von Neumann subalgebra of VN(G) generated by th: x <aliaa rhe 
minimal subgroup H_ such that Zc VN(H,G) will be determined in 
Theorem 5.3. For discrete groups G, the center of VN(G) is 


contained in VN(G G). This follows from representing VN(G) as 


FoR 
a subset of 2° (G), as in Murray and von Neumann [23], section 5. 
Theorem 5.3 generalizes this result. 

A result closely related to the above mentioned theorem is 
that the center of M(G), when embedded in VN(G) is WOT-dense in JZ. 
An example will be given to show that neither this nor Theorem 5.3 is 
true in general for non-[SIN]-groups. 

For a subset A of a linear space, let co A denote the 


COMIC an UnlanO EammANs 


For each T ¢€ VN(G), let 
K(T) = WOT-cl-co {u*TU: U « VN(G)"}. 


Since VN(G) is a finite von Neumann algebra, there exists a linear 
map : VN(G) onto Z, which takes T > Ta with the following 
properties, 

i) T>O implies ry Oe 


ii) of Cake) CyeeiieracteskK(T) ies) ssa singletons 
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iii) uxtuy 4 = ma fOr tailed lec YN(G)", 


iV) 9 ae tseWOT-WOT-cont inucus’ on VN(G). 


This map is known as the center valued trace. Additional details and 
properties can be found in Sakai [27] (2.4). Note that (ii) implies 
oJ eC eee COrra | ie eC ese 

It is necessary to introduce another concept whose relation 
to the center of VN(G) is not immediately obvious. For f « CB(G), 
Kets Uf = {k fi: x <¢ G}, them f£ is said to be almost periodic if Of 
is relatively compact in CB(G). Let AP(G) denote the closed subspace 
of CB(G) consisting of almost periodic functions. It has been a long 
established fact (see von Neumann [36]) that there exists a unique 
invariant mean on AP(G). That is, there exists me AP(G)* with the 


following properties, 


(a) m > 0, || m]| Sil, 


(hen Cl a= m(2_ £) = m(r_f), oie GWA ge e INC. Vereen 


Foneeach)@x < .G.. let - be point evaluation as an element 
Ota Ch (G)*: ee (Cys or AP(G)*. Then the convex hull of the set 
{63 x € G} is w*-dense in the set of positive, norm 1 functionals on 


CB(G), CG), or AP(G). Therefore, there exists a net 


a MS 6 | < cols: x € G} 


iL x. 
af 


which converges w* to m in AP(G)*. 
All of the above preliminaries are necessary for the proor sof 


the following proposition from which the desired results on the center 


of UVN(G) follow easily. 
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owl Pereoposttion.ieLer eC bere [SIN]-group. Then Te VN(G G) 


ECe 
tmpltes that ra E UN (G47). 


Proof: Since 4 is linear and WOT-continuous, it suffices to show that 


ae e VN(G Ge Lonn cache ce "Gs — 8 Thialwil |) be accomplished by 


FC 
modifying a technique used in Sakai 2d page. 210. 


Fee 
> 2 
For eachewt sandeermein | fa(C) and VEorG, lek 


if 


F (a) = <Q fle>.) for all ae G. 
Posy aya 


It is easy to see that Fe hate e CB(G) and the following 
> 3 


identities hold for each b« GC. 


(*) rr = F 
Diet 2. y Lf & 8s 


(*%) QF =F : 
b Be SY. f£,g,byb al 


Xs 
e TE a ° 
Lemma 1 (ine ae Cre Hen ae op Al G)aeryOreal ete sen (6) 


Proof of Lemma 1: It is sufficient to show that the map: y > Fy my 
> > 


is continuous from G into CB(G), since then, by (**), OF poe is 
3 £) 
the continuous image of a relatively compact set 0. in G. 
Z 
Rete fs wand) ce) be vany fixed elements of L(G). Let « > 0. 


Since G is a [SIN]-group, there exists an invariant neighbourhood V 


of e, such that for EVELYN. Gav, 
|| 2 £ a alk = e/|lell, C 


Let y and y" "ing Ge beusuch that Pie y e V, then 


invariance of V implies ayia é V- for every a<€G. Hence 


1 aie | Lpreneyne ' io” oF 
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"E,g,y 6 Vegan 
sap table (chery) ce 
a ya ya 
<lle,.£- 2.261, Mell, 


= ea = Fil lel, os eLOceevery -4 eC: 


wil 


Therefore, I|F ll. SSSR GES TA eee ae 


=F 
eon. Po e.y5 


This concludes the proof of Lemma 1. 


Let m denote the unique two-sided invariant mean on AP(G). 


Let x bea fixed element of Gao: POorecach wat. @ ¢ L(G) define, 


oe 2) = mF ). 


£,g,x 
This defines a bounded, conjugate bilinear form on ma(eye Hence, 


there exists a qT. € B(L*(c)), such that, 


STs = m(F My. Jeers euuk Eye ©). 


£,g,x 
Lemma 2. TT e VN(G)'. 
Proof of Lemma 2: For each a etG* since me iseriteht invariant, 
* 
<“UeaTatet o> 
eee 
= iE > 
Te [28 
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( &it,2 85x 


i eC ee 


- <I fle>, EOL al le eewe hercye 





Hence, T ec {2% 
x a 


Lemma 3. De € WOT-cl-co{2 4 


Proof of Lemma 3: 


vV(F 


ae Gi" = VN(G)'. 


HEgEKes 


Formally foe L7(C). 


ae Glc VN(Gio7 2G). 


nN 
Yat 9) Gh, dete co{é.: ae G} in AP(G)*, 


2S <(} Ni he = Melee. 


Since me w* - cl - cold: ae G}, it follows that 


Ty € WOT-cl-co{2 
a 


The second containment is clear, since x « G_- implies 


=i! 


Xa 


were 


FC 


Returning to the proof of the proposition, since 


WOT-cl—colt an 


by Lemmas 2 and 3, 


But 


ay 


and by Lemma 3, this implies that uf e VN(G 


1 ae G} ck), 
a xa 


epee CU) ed. 
x x 


is the unique element of this intersection. Hence, 


ro? 9) * 


This completes the proof of the proposition. 


Let Z(m(c)) 


denote the center of M(G), a measure 


ye Z(m(c) ) is called a central measure on G. 


toe Corollary. 


Tf c 


ts a [SIN]-group, then for each xe«G 


there extsts a unique posttive central measure, Us tn 


ae = 
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w*-cl-co{6é eee re Ge 
a xa 


Proof: It follows from the proof of Proposition Jelmetiatetnererexicts 


a net tut Feat 6 a e G} such that, 


=a 
a xa 


g aie 


But {tu} is a bounded net in M(G), so by taking a subnet it may be 


w* 
assumed| that there exists*age Je.M(G) ssuch that u ->+ i . Hence, 
ae a x 
WOT h 
aS _—_ a eso i = ae and be must be a central measure in M(G). 
a x x 


The uniqueness and positivity are obvious. 


The machinery is now available to prove the following two 


theorems locating the center of VN(G) for [SIN]-groups. 

ae neorems iy 8G Brs a [SEN|-group, then lq VN (Ga79G). 

5.4. Theorem. If G ts a [SIN]-group, then g(Z(m(c)} } ts WOT-dense 
Aen ls 


A proof is provided for Theorem 5.3. Theorem 5.4 can be 


proven by a similar application of the Hahn-Banach Theorem. 


Proof of Theorem 5.3: Suppose, to the contrary, that there exists a 
Creu wr suche thateyc ¢ UN (Gian). Since VN (Gon 96) is WOT-closed, 


by the Hahn-Banach Theorem, there exists a oe 2 ACG Yer suchmthatee 


(> 90) 1, 


and 


($597) Ope cOnealiguste UN(G 7G). 
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Het _ajlinear functional ~@ Won YN(G)"" be-defined by, 


Since F 
A(G). 
Therefore, 


(ont)i-= (7%, POteall aT te, UN(G). 


is WOT-continuous, is WOT-continuous and so must be in 


Le a <) Ge. then p e VN(G__-,G) by Proposition 5.1. 


FC FC.? 


FOreanya. x.y ce G. 


Hence, ¢ 


fOr sa.Ld ex Je GG 


which is a 


boxy) = (6, @ _4)) = 22,9 = 600. 
y xy 


is constant on conjugacy classes in G. Therefore, (x) = 0, 


Fo? «8° o= 0. 


Bub, 


(4,0) = 0 = @ 0) =1, 


contradiction. Therefore, Zc VN(G 7G). 


Let Z(t*(¢)) denote the center of the convolution algebra 


1 Op iterseshown an Mosak 22 | that t+ (c) has an approximate 


identity 


ere Be consisting of TG). fumetions if, and only d£96 


pegoaioIN |ecoupse Lot at ba i|v 1 where {V } is the 
a 


a aeA 


) 


directed set of basic invariant neighbourhoods of e. Therefore, if 


ue Z(m(c)), then £ kue rte ey Lomreach: 70 de and oe ae foragers 


w* 


Hence, z(t*(¢)) is w*-dense in Z(M(G)). Since &: M(G) > VN(G) 


is w*-WOT-continuous, the following corollary follows from Theorem 5.3. 
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Sp meCoco ain) s (Gate alsin |-group, then 2(Z(L*(6))) ts WOT-dense 
Cie | Wee 

Neither Theorem 5.3 or Theorem 5.4 can be extended even to 
unimodular groups as is shown by the following example. The example is 
a connected, unimodular group G_ such that Gaga = {e} and VN(G) 
is not a factor. It is clear that ‘such a froup cannot satisfy the 


conclusion of Theorem 5.3 since UVN(G C) mer Sm jUS ce es on) ee Ci In 


re 
this case. That the same group cannot satisfy the conclusion of Theorem 
5.4 follows from the fact that for connected locally compact groups H, 
the center of M(H) is supported on Hacm (see Greenleaf, Moskowitz 
and -Rothschild¥[11], Theorem 1.5). 


The Example: Let R? denote the group of ordered pairs of real 
* 
numbers under addition and R, the group of positive real numbers under 
* 2 
multiplication. For each t e R, let? t& FactronieR via a, Oy) = 


Cie et), ror all, PG y) Ra Let G be the semi-direct product 


2 * 
R @, R,- 
Teeis clear that G is connected. To see that oe = {e} 


Ve Gee hGr. vy), ol emG a iter | (view) ,shve. Gt) then 


HT} 


Hessen sw 


[(vow),s] 1 G.y) tI (vw) 8] ay BUSY EA tama oe Ic 


x-vttv SW 
Therefore, Oe SN eS {[ ( z sy Swit ae fe] [(v,w),s] « c} 
which is not relatively compact unless. (x,y) = (0,0) and t = 2. 


Tt follows from Hewitt and Ross [13], (15.29)(b), that 


G will be unimodular if 


co 


co (oe) f [0.0) 
| | f(a, (x,y) Jdxdy = | | f (x,y)dxdy, 
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* 
Lou alleetes ik and of erC (R*) But 
5 oo 


| | f(a, (x,y) dxdy = | £Ctx, y/tdxdy 


— = 


f ! 
= | £(x',y') os t dy' 


= | | f (x,y) dxdy. 


Therefore G is unimodular. 


That UVN(G) is not a factor is due to the fact that the 
* 
group R, does not act ergotically on Re The full argument is 
presented below. 
* 
Tis tse R,> then the automorphism Ot induces a unitary 
: Dee? 
UL acting on L (R’) “by, 


UL f(xy) e= f(a" ,y)) ee (X/ tymmty )), 


EObraLi Xe y Ro fe To In turn US induces an automorphism 


o of VNR) onto itself by 


+ 
Ot tae U.. iL UL forall | tre VNCR2). 


Since R is abelian and its own dual group, there is a unitary map 
Leys ee. ; : Zee : 
PrOtem iwCR ) $0.) Lak Mel which@carries each f € L (Re )aee LOeLis 
A 
Fourier transform f. This induces a spatial isomorphism © of 


ie) onto UN OR). rat is. 
(cor) £)“(y,8) = F(y,8) 20,8), 


forall” sGye0) se. Eve L* (R7) and Fe LR’). 


7 37) Geena: Agiiann poesia shes > 





7 i 
2 it : omy if bsifas + 
my = 
ty! ; { Ly < 
4 .i> - 
rf) . 
t, 1 
wy { 
} + et 319 Be 
sm) 
~ ae Duct 
' cal i t 
\ 
1 * 
~ %. i] 
} ‘ 
} ‘Ba reL 
z 7 ; a ae 


: a 


’ ; ; ; in tag 
Hl, OF J On S325 f2.0- 4) entie (ie 3, we cms 


7 








i! 


: 7 , - 
Oe a a 


* ~ (or) 
For each t eR, let o be the automorphism of L @ ) 
given by, a =a e ®, Then, 


iE E 


(AF) (7,6) = F(ty,6/t), for all (y,8) an 


Sutherland in [32], Proposition 2.2, gives a proof that 


: : 2 * ee! ; 
implies that VN(R ome) = VN(G) is isomorphic to the crossed 


product, R(VNCR?) ; ome 8 of the von Neumann algebra VNR?) by 


= * 
the action o of R,. Therefore, VN(G) is isomorphic to 


foe) ~ * 
R(L (R) ; a, R,). See Takesaki [33], Proposition 3.4. 


The construction of crossed product von Neumann algebras is 


333 


presented in Takesaki [33], Section 3. For the purpose of this example 


it is sufficient to note that there exist a Hilbert space i eean 


isomorphism T_ of L (R2) into B(H) and a unitary representation 


oO 
* 
of R, on H such that, 


J, ~ * co 
A(t) m_(F)ACe)” = 1 © GCF), for all teR,, Fel (R’), 
Qa 


oe 
a 


and R(L”(R?) ; a, R,) is generated by n_(L(R’)) and d(R,). 
oO 


oreo) re OMe mO a) and Let, oF = . Then 


Xn 


* 
Oech )e=s ks) sbhoreall. (tee UR 


t ee mee) eed seaacentraL element in 


a 


CO ~ * 
R(L (rR) ; a, R,) that is not a constant multiple of the identity. 


Therefore, VN(G) is not a factor. 
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6. The Type I, Finite Part of VN(G). 


Let ES £ denote the maximal Type I, finite central projection 
> 
in UVN(G). The class of groups for which EL f # 0 is determined in 
> 


this chapter and it is shown that, for such groups, there exists a 


compact normal subgroup ee such that Ere = "K a 
3 


In [30], Smith provided a simpler proof of the following 


theorem of Kaniuth [16]: 


If G is a discrete group, then VN(G) is Type I if and 
only if G has an abelian subgroup of finite index. 

In that case, VN(G) is actually Type ae for some nn < @, 
as is pointed out in Formanek [9]. 


The following is the non-discrete version of this theorem. 


6.1. Theorem. Let G be a locally compact group. There exists a 
natural number n such that VN(G) ts Type Le dip eas! omy Gap e 


has an abeltan subgroup of finite index. 


2n 
L(c) is isomorphically contained in VN(G) it is clear that Lc) 


Brook: Sif SVUN(G) is of Type I. then UN(G) «satisfies P. . Since 


1 
also satisfies Pon Therefore any *-representation of L(G) must 


Satisfy P Hence, the dimension of any irreducible representation 


20 


of G must be Less than~- nj By Theoremvlvore Moores [21], there. is™an 
abelian subgroup of finite index in G. 


Suppose GC, is an abelian subgroup of finite index in G. 


Let x = CrXo acres X, be a complete set of right coset representatives 
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in G. Let W be the linear span of ye G,}. Let 


B= WR +WR + eee + Wr , then VN(G) is the weak operator 
2 k 
topology closure of B. As in Smith [29], page 404, the algebra B 


can be isomorphically embedded in the k x k-matrices over the abelian 


algebra W. Therefore, both B and VN(G) Satisfy) P Therefore, 


oe 
VN(G) is Type Toe 


bys Proposition. 2.3. 
The following two propositions will be useful in determining 
those groups G for which VN(G) has a non-zero Type I, finite part. 
Suppose H is an open subgroup of a locally compact group 
G. Let UVN(H,G) denote the von Neumann subalgebra of VN(G) generated 
by {23 kee HH} @actinevon Late ye Eymard shows in [8] Mee) that 
YVN(H,G) is isomorphic to UVN(H). The following proposition is Lemma 7 


OteKaniutianes | 


6.2. Proposition. Let H be an open subgroup of G. If VN(G) has 


a non-zero Type I, fintte part, then so does VN(H). 
PECOL: PApply Proposition 2.4. 


6.3 Proposition. Let K be a compact normal subgroup of G. The 
Type I, finite part of VN(G) ts non-zero if and only tf the Type I, 


finite part of VN(G/K) ts non-zero. 


Proof: Since VN(G/K) is isomorphic to EVN(G) by’ Proposition 3.9, 
it is clear that the existence of a non-zero Type I, finite central 
projection in VN(G/K) implies the existence of one in UN(G). To 


prove the converse, it is sufficient to show that EL cox # 0, where 
’ 


EL f is the maximal Type I, finite projection in VN(G). 
> 


ihe ES £ #0, then, for some N= chererexists a Wein 
J 
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T, (G) such that S(v) is Type I Suppose that f « L* (Gc) is such 


that ¥=.(£ * f).. Then P= (F * £)”. 
Claim: S(v) is also Type I 
To prove this, define T from YN(G) onto VN(G) by 
(TT)(h) = (Th), for every T ¢ VN(G) and h « L2(G). 


Phengsl (Sth)e= olSetehtpeand BE(ST)c= GiS)iGh) te forsevenys S.Tae VN(G), 


Therefore, if \/E) isvany central. projection.in VN(G) and P| is the 


Standard polynomial of degree k, then E VN( G) satisfies P if and 


only if (TE)VN(G) satisfies P,. Hence I(s(p)) is Type I. But 
r(s()) = s(@). 

Since S(v)YN(G) and S(¥)YN(G) are both Type I» it follows 
that S(»)YN(G) © S(W)UN(G) is Type 2 (Sakai [27], 2.6.2). Therefore 
S(W)YVN(G) ® SQW) YN(G) satisfies P, 2: From Proposition 3.6, it 


follows that s(|w|*) VN(c) satisfies P, ». Hence s(|v|7) is 


2n 
Type ten? 
; 2 2 SV, : 2 

EeGe ah sing LatGysbe such that lw | =e (heh aeesince || 
is a real-valued function, it is clear that lv? =h*h. 

Suppose that EA =20 meliateis, ile “ih =O, swhach implies 
that Hy * lw |? 20 me tS el omaecontrad) ctl On. Since lw] 2¢x) ig Oo Oe 
every x €G and lwl*(e) = 1. Therefore Eh # 0. 


pf) 
Since h é s(|v|*)17 (ce) which as) contained ane ae (Gas ae 


af: 


is clear that BEL fe #LQ): 


In [31], Smith proves that if G is a unimodular group and 


VN(G) has a nonzero Type I central projection, then the index of 


Gact iti Ceetis Lessuthaniopeeqteal, to ao By virtue of the results 
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of Chapter 5, this can be proven in a manner analogous to the treatment 
for discrete groups as in Smith [29], Theorem 9.4. In lkakelve he 


PEODOStE1ON Ea e2.. it) 1oanor necessary to assume that G is unimodular. 


6.4. Proposition. Let G be a locally compact group such that VN(G) 


has a nonzero Type I part, then the index of G.- in G ts less 


FC 


than or equal to 1 


Proof: Since the index of the FC -subgroup in the group is not 
changed by taking the quotient by a compact normal subgroup, without 
loss of generality, G can be assumed to be a [SIN]-group, by Theorem 
(Nee SVE 

Let EN be a nonzero Type I central projection in VN(G). 
Then E LYNG) is isomorphic to the algebra of n xX n-matrices over 


its center, Ee: Suppose e = XyoXy>° are from distinct 


Wen cH 


cosets of Gace tne GeAsuin smith [29]. Theorem 9.4, there exist 


AEE Oa ik Cr Pre € EA: noteallezero, such that 


n2+1 
oR BaC re a0. 
=Ty tt 


ab 


Suppose 1 < j endl is such that ade # 0. Since Bh Ge B fhn sions 

any open subgroup H of G, there exists an f «¢« roe), supported 
2 

Ones Hes asuch rt that ee FPOleeiis 1sesO,ecinee anys eee l..(6)eican 


be written, 


where cea is a complete set of coset representatives of H in 


G and each fA is supported on H. 
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The subgroup Gaon is open in G; so there exists an 
, a 
£ <¢ L (G), supported on Caen such that ee #0. But, 
n@+1 
arene eB CYEe=40 
i? Senate 
i=1 i 


By Theorem 5.3, each Eos € VN (Gian 9G) and f£ is supported on 


Gag so each Ec,f is supported on Gaot: Then, = E c.f is 
q P : a n> +1 
supported on a forseach, 1. Therefore; Pas Eos fh4 24 isean 


a 
orthogonal set of elements of Toc), mot all zero, with sum zero. 


This is a contradiction. Therefore, Cam can have at most ma cosets 
mn Ge 
While proving Theorem 1 of [30], Smith showed that if D is 
a discrete [FC ]-group and VN(D) has a nonzero Type I part, then D 
HS Ka [FD ]-group. A slightly more general result will be required 
later and this is provided by Lemma 6.6 below. The proofs of Lemmas 


6.5 and 6.6 are, to a large degree, extracted from Smith [30], Lemma 


2 and Theorem 1. 


6.5. Lemma. Let G bea locally compact group and H a closed 
subgroup of G. If there extsts a central projection E « VN(G) such 
that EVN(G) and EVN(H,G) are both Type I> then C(H), the 


centralizer of H in G, has a relatively compact commutator subgroup. 


Proot:) eSince: EVN(G)) is isomorphic to the n X* n-matrices over its 
center, it has a faithful family of irreducible representations in co 


Let 9 be one such irreducible representation. Since p(E) # 0, 
o (EVN(H,G)) = c.> also 


Suppose there exists i,y ie CCH), such that | ER ey # E, then 
ey xy 
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there exists an irreducible representation, 0 off EVN(G)®,inelC see such 
: n 


that 16 (he - E) # 0. Hence 


=y be 
SNE eS f 


nee # ACCES OY. 


RUE xee CCH) = so p (EL) commutes with o (EVN(H,G) ] = € , which is 
n 


a contradiction. Therefore, 


EL “eo Pew? Omea) ex ree CCH) . 
eS ites 


Hence, C(H)' Cae which is compact. 


6.6. Lemma. Let A be an abeltan group and D a discrete [FC ]- 


group. If VN(AxD) has a nonzero Type I part, then D ts a [FD ]-group. 


Proof: Since Ax D is a [SIN]-group, VN(AxD) must have a nonzero 
Type I projection, E. for some n> 1. Then E UN (AxD) satisfies 


Vetane denote 


the standard polynomial identity P but not 1 


20 Hoy eae 


thesidentitysin A. “By omultilinearity of Py there exists 


Ges 


d such that, 


ORLY ye 


Po (ent) Ent (ey ed)? Eat (eva, 45)! #0. 


Let H be the normal subgroup of D_ generated by tdystttsdo yy} 

and their finitely many conjugates. Since H is finitely generated, 
C(H) has finite index in the [FC ]group D. If it can be shown that 
CCD) eebasea finite commutator subgroup, then Neumann [24], Lemma 4.1, 
implies that D is a [FD ]-group. 


Topseertiat ICC) gs finite enotesthat eC Axis in oA xD ais 


Ley box C(H). Since E UN (AxH, AxD) satisfies Po, but not Po(n-1)? 
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then the maximal Type I, central projection E in VN(AxH,AxD) must 
be nonzero. Since AXH is normal in AXxD and E is maximal, 
Q a SrEsestor alle merAsDeaThereforeml) ©is a central Type rf 
pee rae in VN(AxD) also. An application of Lemma 6.5 completes 
the proof. 

The following theorem is a generalization of Theorem 2 in 
Kaniuth [17], where he assumes that G isa [SIN]-group. The method 


of proof given here is entirely different. 


6.7. Theorem. Let G bea locally compact group. For VN(G) to 
have a nonzero Type I, finite part, it ts necessary and sufftetent that 
the followtng condittons hold: 

Teche tnderta) Gaon tiaeGe is efinttes 


tt) the commutator subgroup of Coon has compact closure 


a7 3G. 


Proof: Suppose that VN(G) has a nonzero Type 1 paneecor somes an. 
Proposition 6.4 implies that the index of Gacm in Gopis Less *than-or 


equal to aa Proposition 4.2 dmplies that Cacm is open in Gs) "So 
UN (Get) has a non-zero Type I, finite part by Proposition 6.2. 

By Theorem 4.3, there exists a compact normal subgroup K of 
Gaon such that the finite part of VN (Gie7) is isomorphic to VN (G.-/K). 
From Proposition 6.3, it follows that UN (Gi6-/®) has a non-zero 
by pealapal ty Lele a= Gag? /K- Then H is both a [SIN]-group and a 
[FC ]-group. By Wilcox [37], there exists a compact normal subgroup N 
of H, such that H/N is the direct product of a vector ST OUp se Vis 


and a discrete [FC ]-group, D. By Proposition 6.3, the Type I part 


of VN(VxD) is nonzero. Therefore, the commutator subgroup of D is 
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finite by Lemma 6.6. Since H/N = VXD and G_-/K = H, it follows from 


FC 
Hewitt and Ross [13] (5.24) that the commutator subgroup of Caan has 
compact closure. Therefore, part (ii) is established since Gacm is 


open in this case. 
Suppose that (i) and (ii) hold. Let K denote the closure, 
in G, of the commutator subgroup of Gaote Let o: G+ G/K denote 


the canonical homomorphism. From (i), it follows that o(G is an 


BC? 
abelian subgroup of finite index in G/K. Theorem 6.1 implies that 


VN(G/K) is Type I, finite. Hence, the Type I, finite part of VN(G) 


is non-zero. 


Recall that a locally compact group is called a [Type I, 
finite]-group if every irreducible representation is finite dimensional. 
Note that an irreducible representation is finite dimensional if and 


only if the von Neumann algebra it generates is Type I, finite. 


6.8. Remark. If G is a [Type I, finite]-group, then it is clear from 
Mi mies Sse. cledndese 2 0 that = VNC) is type &. Lt follows from 
Moore [21] (Lemma 4.1), that VN(G) is a finite von Neumann algebra. 


Therefore UVN(G) is Type I, finite. 


6.9. Remark. In [26], Robertson calls [Type I, finite]-groups, [MOORE]- 
groups. He gives the following characterization. A proof can be found 
in Kaniuth [17] (page 234). 
For a group G to be a [Type I, finite]-group, it is necessary 
and sufficient that each of the following is satisfied. 
1)) the indexsof/¢ = in’ G “is finite, 


FC 


ii) the commutator subgroup of Cacm is relatively compact 
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iii) the group Gacm is maximally almost periodic. 


Recall that a group is maximally almost periodic if there 
exist sufficiently many finite dimensional unitary representations to 


separate points. 


6.10. Lemma. Let D be a diserete group. If D has a fatthful unitary 
representation tn a Type I, fintte von Neumann algebra, M, then D ts 


maximally almost pertodie. 


Proof: Since M decomposes into the direct sum of Type I von Neumann 
algebras and each Type I von Neumann algebra has sufficiently many 
*-representations in bat to separate points, there are sufficiently 
many finite dimensional representations of M (hence of D) to separate 


points. 


6.11. Lemma. Let G bea locally compact group satisfying the 
following properties: 
t) there exists a compact normal subgroup K of G, such 
that G/K ts a [Type I, finitel-group, 
tt) there extsts a faithful representation 1 of G into 
the unttary group of a Type I, fintte von Newnann 
algebra M. 


Then G ts a [Type I, fintte]-group. 


Proof: From the characterization given in Remark 6.9, it is not hard 
to see that Ky =intKs Kacompacteye C/K. “Gista [Typeliyerinite|—croup). is 
such that G/K, is also a [Type I, finite]-group. So it can be assumed 


that the ‘subgroup, K "given®in Gi) is minimal such that G/K is a 


[Type I, finite]-group. 
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RE MaKe 7iiles ae thenuletes kect K Pbaesich that. # e. For 

some n there exists a Type r central projection E in M, such 
n 

that a Ceyh eek. 

n n 

Let C*(G) denote the group C*-algebra of G (see Dixmier EShh 
13.9). Any representation o of G induces a representation, also 
denoted o, of C*(G) and conversely. 


Let 


(9 
I 


jagenc: (G)-.G(a)e= 0}; 


and 


q 
II 


(ae) Gece) : ™(a)E. = O}s 


If unitarily equivalent representations are identified, then 
Je remains well defined. Let S denote the set of equivalence classes 
of irreducible representations, 06, such that J Sst ibe Bye Dixmieue ole 


si 32 yd ms 


ene: Onens? . 
O 


Since C*(G)/J is algebraically contained in EM, it must satisfy 


the polynomial identity P Thus, tor each 6 e S, the identity 


20 


Bee is also satisfied by cx (G)/J and therefore by o(cx(G)). Since 


o is irreducible, it must be finite dimensional. By minimality of K, 
© (2) 5 = focal mee ee rhe Oren S 


Let wu, be the:central idempotent in M(G) as defined in Chapter 3. 


K 


Then muy) arid i mu) I mS, - Uy) are central projections in M. 


Since ™(K)E, # ED for some ke K, 


BA eee) a7 .0: 
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By considering an approximate identity in ren an 


if 
f € L (G) can be found such that, 


Be aly company tes|) eh (op 


Let fy = (6, - We) AUT elem tere Since. o(u,) = Ble Or ka || gee cmcws & 


then o(£5) =eQ.) for all omens. Hence 


Powemiiele -s0me of. 
0 oO 


while 


T(E )E. # 0. 


Contradicting, 


Joa sail: 0 ees |. 
Oo 
Wherefore, ~K'={e] "and G) is)a {Type I, finite]-group. 


6.12. Theorem. Let G be a locally compact group such that VN(G) 
has a non-zero Type I, finite part. There exists a compact normal 
subgroup , Oe CimeGwuesvciaviat. vie Tipe I, fintte part of VN(G) 
ts tsomorphte to VN(G/Ky 6). 


Proofs: Let Le £ denote the maximal Type I, finite central projection 
b] 
Gia VN(G). ~Let kK = N MeO YaeCOpOSi tLOnsmos 9 andes a0 Ci mee 
Lok EL £ 
E) 
Sulit CessteoO prove. that E > E FOE this, it sutfiices) tosprove 
Le Ee fe 
> 


that VN (G/K, Pa) istiyperl, rine. 
3 


rere ae i by Theorem 6.7, the 


index of Hoot in H is finite and the commutator subgroup of Hoot 


Let H = G/K Since 


Laces 


is relativelyccompact.. (Lf (Hi can be Shown to be a [Type 1, finite]= 


group, then by Remarks 6.9 and 6.8, the proof that VN (G/K, a) is 
> 
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Type I, finite will be complete. 
Theorem 4.3 and the definition of KL £ imply H is a [SIN]- 
> 


group. The theorem in Wilcox [37] implies that there exists a compact 


normal subgroup N of 4H such that 
(Hg7/N) Sev xD , 


where V is a vector group and D is a discrete group. ty Proposition 
6.3, the Type I, finite part of VN(H/N) is nonzero. The kernel of the 
representation of H/N in the Type I, finite part of UVN(H/N) is a 
compact normal subgroup of H/N and, thus, must be a subgroup of D. 
Hence it can be assumed, by possibly increasing N, that H/N has a 
faithful representation in a Type I, finite von Neumann algebra. There- 


fore D is maximally almost periodic by Lemma 6.10. Since 
(CU s = Hac /N VEXED 


it must be maximally almost periodic. Hence, H/N is a [Type I, finite]- 
group by Remark 6.9. 

Therefore, H satisfies Lemma 6.11 with K as N and M as 
the image of Bye Nt) ineevN H)eeetences His a [Type 1, finite]— 


group. This completes the proof of the theorem. 


6.13. Corollary. Let G be a locally compact group. If for some 
compact normal subgroup K of G, the group G/K has only finite 


dimenstonal trreductble representations, then K ts the untque 


I,f 
minimal compact normal subgroup of G such that the quottent group 


has only fintte dimenstonal trreductble representations. 


If G satisfies the hypothesis of Theorem 6.12, then let 
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Uy denote the central idempotent in M(G) defined by K £ 
Tee ’ 


any representation’ *n "ole Go Let MT denote the von Neumann algebra 


5 28oyre 


generated by 1(G). 


6.14. Corollary. If G satisfies the hypothests of Theorem 6.12 and 


™ ts any representation of G, then mu, ) ts the maximal Type I, 
I,f 
fintte central projection in M 


Proo£:. Since KL £ is contained in the kernel of the representation 
> 
that takes xeG to wm(x)t(u rein mu, 
ae Jape 
By Lemma 4.1 of Moore [21], every 


R Ms it may be considered 


as a representation of G/K, f° 
>’ 


representation of a [Type I, finite]-group generates a Type I, finite 


von Neumann algebra. Therefore, mT(u ) is a Type I, finite projection 


: I,f 
ine M®: 
T 
Suppose F > wu, \Etsealso aulype.l, finite central 
I,f 
projection in M Let N, = ieee G mG). es) Fb then Ne ER ee By 


Lemma 6.11, the group G/N, is a [Type I, finite]-group. By minimality 


Ole ek then N_=K . Therefore, 


I,f°° reat gs 


(lo) ar beeen CO Tera bt ice K e° 


) = muy Fer. 
age Tat 


G1). ) Corollary. if G satisfies the hypothests: of Theorem 6.12 and 
™ ts any trreductble unttary representation of G, then w ts fintte 


dimenstonal tf and only if K ¢ ker 7. 


I,f 


6.16. Remark. If G is a discrete group, then Thoma [35] proves that 
G is a [Type I, finite]-group if and only if G has an abelian subgroup 


of finite index. In [9], Formanek proves that if G is discrete and 
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VN(G) has a non-zero Type I part, then there exists a minimal finite 
normal subgroup, K, such that the quotient group has an abelian 
subgroup of finite index. Furthermore, the Type I part of VN(G) is 
isomorphic to VN(G/K). This is the discrete group version of Theorem 
O12. 

The following theorem was proven by Kaniuth in [17]. Here it 


follows from the proof of Theorem 6.12 and Remark 6.8. 


6.17. Theorem. (Kaniuth). UVN(G) ‘ts a Type I, finite von Neumann 


algebra tf and only tf G ts a [Type I, finite]-group. 


An example will now be given to illustrate Theorem 6.12. 
This example is discussed in Grosser and Moskowitz [12], page 39,e. 
The calculation of the details below follow as in Section 5.10 of 


Grosser and Moskowitz [12]. 


Example. Let 
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Let G=H/T. Then G' =H'/I and is isomorphic to the circle group 


P.)) for this oroup Ke = Tee = G' and 


Therefore, VN(G) decomposes as VN OR?) e (I-E, -YN(G). But VN GR?) 


is isomorphic to LR?) and E E for this group. Hence 


TRO ee 
WN(G) is isomorphic to L (R°) @ (I-E,)VN(G). 
In the above example, G is connected so the fact that 
ES ie Ee is no accident. It follows from the following theorem of 
> 


Kadison and Singer [15]. 


If G ts a connected locally compact group, then VN(G) 


has no Type IT, part. 


In [6] and [7], Ernest introduced another von Neumann algebra 
which is associated with a locally compact group. This von Neumann 
algebra will be denoted W*(G). The following properties of W*(G) 
are taken from Ernest [6] and [7]. 

There exists a Hilbert space i and a unitary representation 
Ge Of | GG. on Hs such that W*(G) is the von Neumann algebra generated 
by w(G). For any representation 1 of G, there exists a o-continuous 
representation T oi Ws(C)misueh that a(x) = t(wx))}, BOG a uy 
x € G. Furthermore, MT = a (W*(G)). ingthis sense, eis asuniversal 


EFepresentation, of G (and Corollary 6.14 can be reformulated as follows: 


6.19. Theorem. Jf G satisfies the hypothesis of Theorem 6.12, then 


) ts the maximal Type I, fintte central projection in W(G). 
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7. Summary 


In this chapter, a summary is made of what has been proven so 
that the reader may get an overview of the techniques used. 

Perhaps the single most Moreen’ tool which is used is the 
association, developed in Chapter 3, between the compact normal sub- 
groups in G and the nonzero central projections in VN(G). The 
order preserving map, which takes a compact normal subgroup K of G 
to the central projection Ee LoenoOtwsinp generals onto. Often it 4s 
far from being onto, as in the case where G=QR. There is only one 
compact normal subgroup, {0}, of RR; but UN(R) is isomorphic to 
L (R) and has as many central projections as there are inequivalent 
Lebesgue measurable sets in R. 

Most of the energy expended in the previous chapters has gone 
towards showing in three different cases, that a certain central 
projection in VN(G) is in the range of this map, K > E.- The three 


cases are discussed below. 


its Ey is the maximal abelian central projection in UVN(G), 


then the topological commutator subgroup, G', is compact if Ey # 0 
and E, = Egr- The key to this result is the fact that VN(H) is 
abelian if and only if H is abelian. 

Since tt. was) known that (YN(H)) “isstinite 1f and oniyeitw ih 


is a [SIN]-group, it was possible to use this characterization to show 


that if the maximal finite central projection E tn, SUN (G)) ais non- 


£ 
zero, then Ee = Ee » for a certain compact normal subgroup Ke of G. 
nE 
Lt turns oat that Ke is the minimal compact normal subgroup K_ such 


that G/K” is a [SIN]-group. Note that G' is the minimal closed 
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normal subgroup N-~ of G such that G/N is abelian. 

The situation in the third case is slightly more complicated 
but retains much of the above pattern. It was known that if G is 
a [Type I, finite]-group, then VN(G) is Type I, finite. The class 


of groups for which the maximal Type I, finite central projection, E 


jiece 
is nonzero, was then characterized. Using this characterization a 
compact normal subgroup K was shown to exist such that E =E 
Pe eats K 
bans 
inet 2c tae k is the minimal compact normal subgroup K of G_ such 


Tue 


that G/K is a [Type I, finite]-group. This leads to the corollary that 
VN(G) is Type I, finite if and only if G is a [Typel, finite]-group. 
Since, for any compact normal subgroup K of G, the von 
Neumann algebras EL YN (G) and VN(G/K) are isomorphic, the above 
characterizations of the maximal abelian, finite and Type I, finite 
central projections in VN(G) identify the respective parts of UN(G) 
with von Neumann algebras generated by the left regular representations 
of the quotients of G by the respective compact normal subgroups. 
One of the steps in characterizing the groups, G, for 
which E 7U0 ss 4omcorchow thateit) VN(G)” has a Type I part, then 


Dee 
the index of Cacm in G is less than or equal to fot For 
unimodular groups, this was proven by Martha Smith in [31], by making 
use of the construction of UN(G) as the von Neumann algebra generated 
by the Hilbert algebra CCG) asecontained in Dixmiern [3]5> 13-1022. 
If G is a discrete group, then there is a simple proof, also due to 
Smith ({29], Lemma 9.4), of the above result. This latter proof 
generalizes easily to general groups if it is known that the center 


of VN(G) is contained in VN (G76). That ais the proot that is 


given for Proposition 6.4 after first reducing to the case of a [SIN]- 
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D0 


group and using the fact that for [SIN]-groups, the center of VN(G) 
is contained in VN (G7 2G). 

Aside from the above discussion, the results on the center of 
VN(G), for [SIN]J-groups G, are included as another illustration of 
the connection between the structure of VN(G) and the topological group 
structure of G. 

Consideration of the center of VN(G) for non-[IN]-groups 
usually involves consideration of the action of some group on some 
measure space as in the example in Chapter 5. It would be desirable 
to have a method of studying the center of VN(G) for non-[IN]-groups 
that avoids these measure theoretic techniques. 

Finding necessary and sufficient conditions on general locally 
compact groups G for UN(G) to be a factor is an interesting but, in 
the author's opinion, a very difficult problem. 

Other questions related to the general theme of this thesis, 
that remain unanswered, are listed below. 

What are necessary and sufficient conditions on G for 
VN(G) to be a Type I von Neumann algebra? If the answer to this question 
is found, then it will be possible to decide whether the Type I part 
of VN(G) is isomorphic to VN(G/K) for some compact normal subgroup 
Ke Or 9G: 

Similarly, what are necessary and sufficient conditions on G 
for VN(G) to be semi-finite? Again, when the answer is found, the 


characterization of the semi-finite part may be possible. 
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